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On the Structure of Liquid Water and
the Refractive Indices in Visible
Light Region

HIDESUKE YADAKA
Shimouma 6, 44-22, Setagaya, Tokyo, Japan.

(Received January 14, 1983 ; in final form April 28, 1983)

The behavior of the state of liquid water is studied by means of changes of refractive indices of
the visible light region based on the data of Tilton. A fairly simple model is assumed for the
structure of liquid water. Lorentz-Lorenz’s formula is employed for the molecular structure of
liquid water. The visible light region is taken between the ultra-violet and the infra-red regions,
and it is apart from the fundamental absorption bands or lines in both regions. Therefore, even
though the contributions from the both regions to the behaviors of the refractive index may play
a dominant role, but they can be treated in the simple form of Lorentz-Lorenz’s formula. It is
found that the behaviors of induced dipoles of liquid water are closely related with molecules and
electron clouds. Tt is also found that when our improved theory is applied, many models of
liquid water which have been proposed by many investigators can be understood consistently
without any contradiction. It is shown that when ice transforms to liquid water the deformation
of electron clouds occurs; the long-range force of water molecules corresponding to melting is
changed.

1 INTRODUCTION

A number of investigations have been performed on the structure of liquid
water.! The structure of liquid water has been roughly explained by the
statement that it retains a certain degree of similarity or analogy to ice.

By further investigations, much detailed information on the structure
of liquid water, from X-ray diffraction measurements including the effects
of temperature,>~° those of neutron diffraction including the effects of tem-
perature’ ! and of high pressure,'2~1¢ those of electron diffraction’” and
computer simulations!®-2! with various models, has been obtained.

The study of liquid water from the optical measurements of visible light
may appear to a a rather old-fashioned method. But some of the results of
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measurements, especially those of refractive indices of liquid water, have
been obtained with very high accuracy (data of 5-8 figures). Reviewing
the refractive index data, we can obtain a physical picture of some aspects
on the structure of liquid water, as we shall see below.

We have investigated the structure of liquid water by taking into account
the temperature and wave length dependence of the refractive index. We have
employed a simple structure model, on the assumption of the validity of
Lorentz-Lorenz’s (Clausius-Mosotti's) formula,

3 nz—l_ 3 e—1
T 4zN 2+ 2 4N e+ 2

o

for a dipolar substance such as water in the visible light region, where a is
polarizability, N the number of molecules per unit weight (1 gram) and ¢ the
dielectric constant.

For dipolar substances whose consituent molecules have large permanent
dipole moment, Frélich suggested the following formula,*?

3¢ — n)(2e + n})  (4m\ 1*N(1 + Z - cos 7))
(n +2) T3 kT ’

where Z is the number of nearest neighbors, y the mean value of angles be-
tween dipoles of nearest neighbors, n; the induced molecular polarization,
k Boltzmann constant, u the permanent dipole moment and T the tempera-
ture. Writing

2

0 =
B3k T
_daNp2(1 + Z - To5)
X = kT :
(17 +2)%x
9
then,
2e — n3(1 + 3y)e — nt =0,
and

2
€= (l—}) (L4 3y +300+@Q3)y+ ).
Inthecaseofa, <« L, (x €« lory < 1),

] )
e=nil+y+(1/3)-»* = ”f(l—(%)
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Then,

() -1
VT ey + 2

9n? ) (e/n?) — 1)
Y= ((nf +2) ((e/nf) +2f
This result is similar to the case of Kirkwood’s formula (n? = 1) and On-
sager’s formula (Z.cosy = 0). Thus, for dipolar substances with small
permanent dipole moment, Lorentz-Lorenz’s formula is valid. However,
it is not possible to ascribe the temperature dependence of the refractive
index to this small dipole moment. Therefore we have to discuss the tempera-
ture dependence of the refractive index on other grounds. The temperature
dependence of the refractive index is closely related with the effective number
(N,) of molecules released (not always dissociated or not always free) from
the regular configuration structure and y;’s of each molecule. N, depends on
the temperature. When a molecule is released, the values of

Ky = J“/’T (; et”z) Ydr

of the molecular vibration modes and the electron clouds are changed.
Therefore p;’s also depend on the temperature.

The purpose of this paper is to investigate the temperature and the w?
dependence of «(T, w?), and some aspects of the structure of liquid water
based on the simple model of liquid water which we have proposed.

or

2 WATER MODEL

2.1 Liquid water structure model

General models of liquid water and liquid heavy water are based on the
disordered continuous network of hydrogen bonds, and that four hydrogen
bonds form by each molecule at approximately tetrahedral angles.

We start from the following fundamental considerations which are differ-
ent standpoints from the general model of liquid water. The definite number
of neighbors of a water molecule cannot occupy the definite number of the
sites. This tendency becomes dominant as the temperature rises. That is,
liquid water has an almost regular arrangement structure similar to ice I,
and the tetrahedral structure is still retained. As the temperature rises,
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some of the constituent molecules of regular arrangement structure are
released (not always dissociated or not always free), and these molecules
occupy interstitial positions of other regular structures. And, subsequently
these molecules connect with the original regular structure. The releases
and recombinations of molecules become more frequent as the temperature
rises. The life time of the combined state or the released state is a function
of the temperature. Near the critical temperature, water has rather the gas-
eous structure.

TABLE 1

Defects in the crystal structure of ice. After H. Granicher

Orientation
Defect Bjerrum defect Ionization
Form of reaction 2N==D+L 2H,0=H;jO + OH"

Formation energy 0.68 + 0.04°Y 0.96 + 0.13%

Activation energy
for transfer 0.235 + 0.01¢ ~0 (tunneling)

Considering the values of formation energy and activation energy for
transfer of orientation and ionization defects in ice I, which are shown in
Table I, the number of these defects in the regular structure, in liquid water,
is negligible compared with that of release or recombination of a molecule.

Based on the above mentioned water structure model, we have divided
liquid water molecules into two classes; the class of released (not always
dissociated or not always free) molecules and that of regular arrangement
molecules. Two classes represent the statistical states.

2.2 Model of a water molecule

We insist that, in the visible light region, the refractive index is related
with the behavior of molecules as well as the structure of liquid water. We
shall describe our model of a molecule of liquid water.

1 Vibration modes of a free molecule The XY,- type molecule such as a
water molecule has three fundamental vibration modes. Neglecting anharm-
onic vibrations and interaction of each vibration mode, angular frequencies
depend on H—O—H angle. We can infer that the dependence of the fre-
quencies of these fundamental vibration modes on this angle is similar to
the case of the molecule in liquid water, and that, this angle depend on T by
H—H, O—H, O—0 and intermolecular interaction, etc.
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TABLE 11

Fundamental vibration modes of a water molecule in each state

Type Stretch Deform. X-X Sym. Strech
State cm™! w? cm™! w? cm™? w?
x 102° x 1028 x 1028
3756 5.006
Vapor —_— 1595 9.027 — —
3651 4.730
3450 4223
Liquid —_—_— 1645 9.601 115 4.69
3345 3.970
3370 4.030
Solid _ 1655 9.719 145 7.46
3270 3.790

On the other hand, fundamental vibration modes of gas, liquid and solid
state of a water molecule are given in Table II.

2 Covalent bond and absorption bands of ultra-violet region The covalent
bond of water molecule is the electron bond of hybrid orbitals composed
of 2p-electrons and (2s)? electron of an O-atom.

Martens’s formula2?® about the refractive index of liquid water shows
that there is a certain absorption line at A ~ 1000 A (w? ~ 300-103%). The
value of energy corresponding to this line is almost that of ionization energy
of oxygen atom. Therefore, this line is expected to be due to the transition

g — o*orm — n* or n — w¥, etc. In this case, the principle of Frank-Condon
still holds.

3 Oscillator strength  When a molecule is combined with or released from
the regular arrangement structure, that is, the hydrogen bond is formed or
disappeared, the molecule itself is deformed (change of H—O—H angle).
Therefore, the value of oscillator strength /; of the molecule is changed.

Similarly, when the hydrogen bond is formed or broken, the value of
oscillator strength f; corresponding to the electron vibration modes of an
individual molecule is also changed by the variation of the electron distri-
bution.

With increasing temperature, the probability of release and recombination
of hydrogen bonds increases, and the resultant number (N,) of released
molecules increases. Further, with increasing temperature, the regular
structure itself may be also changed.
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Therefore, f;, f, per molecule are functions of temperature by the inter-
molecular interactions in both released and regular configuration state.

4 Line shifts, etc. Line shifts, line breadth broadening, Stark-effects,
collision effects, Doppler effects, etc. are neglected in the following discussion.

5 Contribution to the refractive index n from all frequency modes except for
the main modes The contribution to n® from all frequency modes except
for main modes (two groups of modes) is assumed to depend not on frequency
but temperature.

6 Temperature independence of the vacuum ultra-violet absorption line
Tilton et al.** assumed from their experimental results that the absorption
line in vacuum ultra-violet region is independent of temperature. We also
follow their assumption.

7 Hydrogen bond To the hydrogen bond, there are two contributions
from (i) Two electronegative atoms X and Y intervened H atom form the
proton donor and acceptor, and produce a static interaction force. (ii)
Stabilization by the resonance of structure produces a covalent bond be-
tween H and Y. Details of the hydrogen bond are not directly related to our
discussion.

8 Others The number of released molecules is not always an integer.

Based on the models mentioned in 2.1 and 2.2, we study the refractive index
of liquid water in the dipole approximation using Lorentz-Lorenz’s form-
ula.

3 GENERAL FORMULA

3.1 General formulas and their transformation

In the visible light region, the refractive index n of liquid water whose molecu-
lar orientations are isotropically distributed and molecular configurations
are also quasi-isotropical will be given by

n? -1 1

Y@, T) = w232 () (1)
4
= ?n (AO + N-RY afe?, T)) + const.

In the above formula, # denotes the real part, N the number of molecules per
unit weight (1 gram), p(7T) the density of mass at temperature T(°K), w the
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angular frequency of a light wave, i the frequency mode number of a molecule,
Ao = A, the contributions from w — oo region, and

Sule?/m)

_ (87‘5 v_]k) J ,(Zl elri)l//k dr
(w?

ik U) + l')’lkw)

tplw?, T) = aw?, T) =

where ¢ is the electric charge, m the mass of particle, i ; and y, wave functions
and h is Planck’s constant. Further, v, = (E; — E)/h, 15 (x, 2), @ = 2nv,
74(T) <€ w, and u; is defined by

2 8 . 5
fjk(%) = ( i )(li,k) Ky = J“/’}k <; elrl) Y dr, )

therefore p;, is a function of T.

If we write N(T) as the effective number of molecules in the state of the
regular arrangement and N, (T) as that of molecules in the state released
{(not always free or not always fully dissociated) at temperature 7, then for N,

N = N(T) + N(T).

Further we allocate subscripts ci and cA to the energy level of molecular
vibration and the electron energy level of a molecule in the regular arrange-
ment structure, and subscripts ri and rA to those of the molecule in the re-
leased state.

If we denote the oscillator strengths f,,, f,;, f.; and f,, corresponding to
ci, ri, cA and rA respectively, and write

2

2
pci(T) = f;‘l(eﬁ) ) NC(T)7 prl(T) =fr1 <Je\4) ) N,(T),

e e?
pcl(T) = fcl(r—n') : Nc(T)a pr/l(T) = fr/l(%) : Nr(T)’
then (1) can be written,

4
Y(w?, T) = ({) (Ao

N ZJ]< paT) " pelT) )

(0% — 0 + iy 0) (0 — o + iyw)

(wczz -+ Y1 @) (60;»24 - + Y1 0)

where w,; denotes w, 5 and so on.
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Now, we divide ci, i, ¢A and rA into three groups. The first is the main
terms which have a one-to-one correspondence between ci and ri, ¢4 and rA.
The second is that of the non-main terms which have a one-to-one corre-
spondence. The third is the group which appears or disappears when the
molecule combines with or releases from the regular arrangement structure.

And, we allocate new subscripts ci, i, cA and rA to the members of the
first group alone.

From the standpoint of our model, the total contributions from the second
and the third groups depend on T, but not on w?, therefore these can be
written as A, (7).

Then, we can obtain from (3), with new subscripts,

4
Y(w? T) = (—35) (Ao + A(T))

pci(T) prl(T)
7 _ 7 s
(w(‘l w” + chiw) (wri w® + DY ri w)

+ >R

ciri

N Z @( PealT) n Pri(T) ) 4)

2 2 : 2 2 :
cAri (wcl —w" + Dea (‘U) (wrl - w + l’))r).w)

Write, wz — w2 = Aw? and w2, — cu,,1 = Aw,l, and put y,(T), 7,{T) < w,
Aw} < w?, y.(T), 3,(T) < w;, Aw? < w3, then neglecting these small
quantities, finally we obtain,

Y2, T) = (‘%") (Ao + A,(TY)

pAT (T
ey Dy D) 5)

T (07 — 0?) w?

where,
pl(T) = pcz(T) + pri(T)’
pAT) = p(T) + p,T).

3.2 Behavior of Y (w2, T) with respect to temperature

If we write w2 = w} = w? and w2, = w% = o7 in the above formula (4),
then we have

Vet 1) = () o + a1

+Z P() Ly pAT)

—wh) (0 -?)’
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Further, if we assume

Y(w?, Tp) — ¥Y(e?, T)
Y(0?, T) — Y(0?, T,,)

where T, represents 0°C, we can write for the numerator of G(w?, T),

A(To) = AuT) + T (pdTo) — pdTHNw} — w?)

) = G(w?, T),

+ §(m(To) ~ pATH/(w? — w?).

A similar relation holds for the denominator of G(w?, T).
Figure 1 shows that Y(w? T) is related with temperature, where n’s
are the absolute refractive indjces (at 1 atmosphere) obtained from Tilton’s

L o
0212 21.6653%10°°
I
Q21 F
f 18.6780
- ———-_———/
02(0 _‘L—.: 17.743%
g -
> 159712
s ¢ |

(50125
I
14.1023
I
Q208 r

1 1.8977

0207 | —
106576

I

10.2765
0206 L 10.2176

8.2369

, — T e
Cas v 7.10%
-

— U x0t —
0204 1 L i 1 1
Y 2 33 34 35 36 37

FIGURE | Y(w?, T)——1/T curves obtained from Table 111
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data* using correction formulas shown in his another paper.® The values
of Y(w?, T) are shown in Table III.

From Table III, we can obtain the values of G(w?, T) and the curve of the
mean values of G(w?, T) which are shown in Table IV and Figure 2 re-
spectively, for T, = 0(°C) and T,, = 42(°C). We can find that G(w?, T)
does not almost depend on w?.

o
53]

— G(M —

0 2 3 4 5 &

_—(l/Tn_I/F) x|t

FIGURE 2 Curves of ({w?, Ty) — (X(w?, THAX(w?, Ty) — (X(w?, Tuy))
obtained from the mean values of Table II.

(I/To — 1/,

From these results, we can write
Y(w?, T) = Z(T)Y(w?),

Z(Ty) — Z(T))

«n = (Z(To) = Z(T,y)

with satisfactory accuracy, and Z(T), similar to G(T'), is shown approximately
in the form of

Z(T) ~ A(T — Ty) — B(T — Ty~
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Further, when G(w?, T) is independent of w?, we can obtain

A(Ty) — A(T)
“(1) = (A (T,) — A (T42))

Z ( p{To) — pAT) )
z p(To) — pd(Tyy)
- ( piTy) — pT) )
R Zxﬂz(%) = pdTy2)
and these relations are expected to hold for our results and to be useful to
the study of the validity of the approach.

(6)

4 COMPARISON WITH EMPIRICAL FORMULA

Further, we transform the formula (5) to obtain numerical values of A(T),
w?, p,(T) and >.:p{T) by comparing with the empirical formula.
Put
A(T) = Ay + Ay(T),

4np(T)g(T)

dnp(T)g*(T) = ,
PO = (4 = ATy
for an arbitrary function g(7), then
dnp(THYAT (T
W14 _”KL%M

(pi (M(w] — »*))
D

T 2
- ()Y (ﬁ‘—-( yer),

N <“) 3 m(T)) (4n) e

7 (0F
For /, if we assume that A’s are reduced to one level, then we have finally
n* =1+ 4np(TYA(T) + 4np(T)p, (T)

< 1 + (4n/3)p(T)A*(T) )
* \(@F = o = (4n/3)p(T)p; (T)

_ (w) {1 + (4n) p(T)A* (T)}

w
x {1 + @n/3)p(TpTH(w; — w* — (4n/3)p(T)p,(T))
+ ((4n/3)p(Typ AT (0] — * ~ @An/3)p(T)p(T))*} 0

+ (@dmp(T)y,
A
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Neglecting w? in the last curl bracket of the above formula, we obtain finally
the formula comparable with the empirical formula.

The empirical formula of the refractive index of liquid water in the region
0.224pu < % < 1.256p at 18°C is given by2®

n? = —0.013414 2 + 1.76148 + 0.0065438/(#* — (0.11512)%),  (8)

where 4 (unit is micron) is a wavelength.
This formula will be rewritten as

mrw/z
nt=m, + @ — b m'w"?jw?
N
= mo + (0? — w?) + m”wﬂz/(wﬂz — w?),

my = 1.26770, m'w'* = 132.20- 103°
m'w'? = 47004 - 10%%, w'? = 267.73 - 10%°, w = 2mc/A.

Comparing (7) with (8),

4
w? — (?") p(T) p3(T) = 267.73 - 10%°,
1 + 4rp(T)AT(T) = 1.26770,

anp(T)p; (TX(1 + (i‘;) p(T)A*(T)) = 132.20- 10°°,

4mp(T) S pi (11 + (33’—‘) p(TIA*(T))

x {1+ 8n/3)p(T)pTH(wi — An/3)p(T)pT))
+ ((4n/3)p(T)p (T /(wF — (4n/3)p(T)p(T))*}
= 4.7004 - 10?3,

Therefore,
Anp(TYAY(T) = 0.26670, w3 = 308.19 - 10°Y,

4np(TYp; (T) = 121.4-10%°, 4np(T) Y. p; (T) = 3.257 - 102,

For the mass density of liquid water p(T) = 0.9986248 at 18°C, we obtain

A(T) = 001952, »? = 308.19 - 103,
pAT) = 8.885-10%, Y p, = 238510, (9)
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Hereafter, this value of w? is used as the same constant for liquid water and
ice in our model.

5 RELATION AND TEMPERATURE

Write,
Ao =09 NAT) + o N(T) = 6, N,
A(T) =6, N(T) + o, N(T),
PAT) = fl(T)- N = (fAT) = £(T))- N(T),
etc., (4) is given by

Y(0?, T) = (%7}) (0N 4+ 8(T) N — (8/T) = 6(T))- NAT)

+Z@( ST )N

(wczi - w2 + i‘yciw)

(DD
(0} — 0 + ip0) (0} — 0® + iy,0)

(@3 — 0 + iy, 0)

~( fT) £AT) )NU)

(wczx -+ iy ) - ((Urza -’ + iy, 0)

)-NY(T)

In the above formula, we assume w2 and w2 to be equal to w? whose
value is the simple arithmetical mean of two values of the molecular vibration
modes of liquid state in Table 2, and assume reduced one level mode for
X’s, then obtain for liquid water (w} = 4.096 - 10*° and w? = 308.19 - 10°9)

>ipdAT) pi(T) )

(wi — 0’ (0F - »?)

Y(w? T) = (%7—:) (AO + A(T) +

Similarly, if we assume w? of ice to be equal to w? whose value is the simple
arithmetical mean of two values of the molecular vibration modes of solid
state in Table 2, then for ice (w? = 3.910-10?° and w} = 308.19 - 10°%)
obtain

v 1= () (80w aum + 3 2L AT,

3 c wZ) (wﬁ - wZ)
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TABLE V
Values of A +4,(T), }pd T, p2( T)—0°C.

0 Ay + AT Ziﬂi(T) (D)

x 10772 x 1027 x 103°

Tce 1.869, 21745 9.407,
0 1.939, 1928,  8.967,
4 1.938, 1911,  8.956,
6 1.938, 1.904,  8.965,
10 1.9364 1.888,  8.965,
14 1.935, 1872,  8.966,
16 1.934, 1.864,  8.967,
20 1.932, 1.848,  8.969,
24 1,930, 1.833, 8972,
26 1.929, 1.824, 8.974,
30 1.925, 1.797,  8.985,
34 1.925, 1792, 8.983,
36 1.924, 1.785,  8.985,
40 1.920, 1764,  8.994,
42 1.923, 1773,  8.986,

where the subscript C represents the crystal (solid) state and therefore
Ao + A(T) =9y N + &2 N,
Z pi = Z Ja N, ps= fa-N.
From Table III and the above formula, we can obtain Table V by the least

squares method. The curves obtained from Table V are shown in Figures
3, 4and 5.

xI02
| 195
E 19
J \\
J 13t T
| .
.92
1.91
1.90 | | ) | L 1 1 i '
0 10 20 30 40
— B6°C —

FIGURE 3 Curve of A, + A,(T)»——8°C, obtained from Table V.
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4027

2.0

Lo b T

\‘\\
\\,

1.8 F \\
L7 r

1.6

L 1 L i L ! 1 i
0 10 20. 30 40
— 0°C —
FIGURE 4 Curve of Y ;p(T)——06°C, obtained from Table V.
0%
84+
93 r
(]"L’ =
g1 T
a0 ————
80 r
8.8
87 L ! L 1 i i L 1
0 10 20 30 40

FIGURE 5 Curve of p,(T)——0°C, obtained from Table V.
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Further, using the values of Table V, we obtain the temperature dependernce
of Ay + A(T), ¥,:p{T) and p,(T) up to the order of (T — T,)* by the least
squares method, and the results are

Ay + A(T) = 1931072 — 3.14-10"%T — Tp)
—3.05-1078T — Tp)2, (10)
Y pdT) = 1.93-10%7 — 440 10°4T — Ty)

+ 1.05-10°%(T — T,)?, (11)
pAT) = 896-10%° — 6.71- 10>(T — T)
+ 1.71-10%%(T — T,)% (12)

Therefore,
Ao + A(T,,) = 1.92,-1072,

2 pdTeo) = 176, - 107, (13)

p:(Tyy) = 8.99, - 10%°.

and these values are approximately equal to the values of (9), but some
discrepancy exists for ) ;p/T).

From (10), (11), (12) and (13), we can inspect the relation (6), and obtained
results are shown in Table VI. Their curves for G, (T), G,(T) and G, (T) are
illustrated in Figure 6. From these results, we can see that these three curves
are in good agreement with each other in order of magnitude.

TABLE VI
Values of G, (T), G, (T), G, (T} —8°C.

G(T)

6 Gy (T) G (T)  G(T)
0 0 0 0
4 0.07 0.11 0.00
6 0.11 0.16 0.01

10 0.19 0.26 0.04
14 0.27 0.36 0.09
16 0.31 0.41 0.12
20 0.40 0.50 0.20
24 0.50 0.60 0.30
26 0.55 0.65 0.36
30 0.66 0.74 0.49
34 0.76 0.83 0.64
36 0.82 0.87 0.72
40 0.94 0.96 0.90

42 1 1 1
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1
9
(55

Gm
Gm
05 +
o Galm
Ggm
0 (0 20 30 40
—_ 8C .

FIGURE 6 Curves of G(T), G, (T), G,(T) and G,,(T——6°C, obtained from Table VI.

6 THE TEMPERATURE DEPENDENCE

Since Y(w?, T) is a smooth function of T, we can write

2
vt m) = ven T+ () e
T=To

1\/d?Y(w?, T)
+ (E)(T)(T T

If we use the notation o as a representative of f;, f;, and 6, and Q a representa-
tive of A(T), Y ; p(T) and p,(T) in the above formula, then

Qe?, T, = 0Ty)- N — (6(To) — 0(To) N(Tp),  (14)
Q' Thr=1, = (6{T) N — (6/(T) — a(T)) - N(T)
= (0/T) — 0(T)) - N(T)y =1, (15)
Q"(@* Ty=r, = (6(T)- N — (6{T) — o(T)"- N(T)
—2(0(T) = 6(T)) - NAT) = (6{T) — 0(T))- N)(T)y=r,. (16)

where the superscript’denotes d/dT.

According to Luck,?” in the region 0 ~ 170°C, for 2 = 0.9483 and 1.140
(micron),
NJ(Ty)/N = 0.0889, (1/N)YAN(T)/dT = 1.155- 1072 (Const.).

If we assume that these values are still valid in the region of wavelength
of interest, then

N,(T) = K(Const.),

K
= 12941072
Nr(TO) °
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Therefore, from (16),
Q"(* Tr=g, = (6(T)- N = (a(T) — o (T))"- N(T)
= 2o T) — o(T)) - N(T)r=7,,

further when ¢” is negligible,

Q"(@* Tr=r, ~ =2(0LT) = 6{T)) - NAT)r=1,- an
Assuming that the right-hand side of (17) is equal to —24,
, A-NAT,
(0dT) = 6T g5, NA(Ty) = T2 (18)

and assuming the right-hand side of (15) is equal to B, then from (18), we
have

A
(@dT)N = (0dT) = 6T N{T)r=g, = B+ N(To) - (19)

Further, assuming the right-hand side of (14) is equal to C, then
(0Ty) — a(To)) NATp) = a(Tp)- N — C. (20)
Therefore, from (19), (20), we obtain
OThrary N = (04Ty) = O e = B+ N(Ty) 2. 1)
’ NATp) K

A’s, B's and C’s are the values given by (10), (11) and (12).

To obtain the numerical values of ¢,’s, g,’s, etc., we must use the numerical
values of ice?® given in Table V in addition to (10), (11) and (12).

In the case of ice, we use the notation ¢° instead of ¢. For the difference
between oi(crystal) and o (regular arrangement structure), this can be
written

a; — a(Tp) = ¢(Ty).

If ¢(Ty) is a function of N(T;) and a certain parameter related with the
phase transition, we can write approximately

N (To) K.
¢(T0)=—f (fﬁ)-dN+n=é+n,

that is,
0 = 0To) = ¢5(To) = &5 + 155
fa = fdTo) = ¢dTo) = &+ ni
fo = JelT0) = ¢To) = &3 + 1,



08: 47 28 January 2011

Downl oaded At:

STRUCTURE OF LIQUID WATER 225

When ¢4(T,), ¢(Ty) and ¢,(T,) are given, using data of ice and formulas
(10), (11) and (12),

0To) = 0.(To), Sl To) — f1(To)s feil To) — S To),

can be obtained assuming that, for ice, Lorentz-Lorentz’s formula is valid.
There are some problems in using the data of liquid water and ice. For
both data, measuring instruments, laboratory conditions etc. are different.
Hence, some discrepancies and errors may exist in the values used. Never-
theless we can expect that these values are useful for qualitative purposes.
If we put
V= ¢S N,

6.(T)r- 7o' N - N(Tp)

V" =6,(T,)-N —
ac( 0) K

then,
0 (T)r=1,- N-NJ(Tp)
K
1=, N-N(T)
K (22)
Since we have no knowledge of s and #’s, we must be satisfied with using

an approximation ¢’s = 0. The physical meaning of this approximation is
as follows; since &’s = 0 is equivalent to do/ON(T) = 0, then

do, dN(T) + do, 0o,
ON,(T) dT oT ~ 0T’

V' — VIl = (¢ — 6(Ty))- N +

= ¢(To) N +

o(T) = (

That is, the effect on o, due to the increase in N(T) is neglected. Further,
the variation of # due to the phase transition is also neglected.

From the standpoint of refractive index, by using this numerical approxi-
mation, the regular arrangement structure in liquid water at 0°C is regarded
as the same as that of ice 1.

Therefore, putting the numerical values obtained from the right-hand
side of (21) into (22), we obtain

U;(T)T=T0 “NJ(Ty)- N
K k

JelDr=1o- N(T) - N
K ,

JADr-1,- N(Tp)- N
R .

Vi — ¥10.0186, — 0.0194, =

Vie Vi =21,-10"7 = 23,-1027 = ¥

i

VY — V1=19.40,-10% — 9.07,-10% =
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TABLE VII

Obtained values of the quantities related with our discussions

O(TIN = 00186, {3(Tp) — ST)INATp) = —0.707, - 1073
JlTIN = 2151077 { flTg) — Sl TIN(To) = 2.4, - 10°°
JATIN = 940, -10%°, { (To) — friTINLTp) = 0.44, -10°°

S(Dy-r,N = —9.98.- 10’6,(5;(7)T:,,-0N = —356-107°
Sl Drar,N = =20, 10%%, £ Dy N = 7.1, - 1074
Sl Dr=1, N = 435, 1077, S Dy g N = 187, 1078

{6(T) — 6T)}r=7,N(Tp) = 2.35,-107°
{fci(T) - fr_i(T)},T=To Ny(To) = —82,- 10%?
el T = L D<o NATy) = — 1315 - 107

{0dTp) = O[T }IK = —9.185-107°, {6(T) — 8(T)}r=1,K = 3.05,-10"°
6 [

Ul To) = S TIK = 3151024 {fdD) — S T)}r=1,K = 1.05- 107
AT = [ATo)}K = 5745 10*7, {f(T) = fo(T)}r=1,K = —L71,-10%*

Further, the quantities needed i our discussions can be calculated.
Results thus obtained are shown in Table VII.

o’s are positive constants from their definition. In the above results,
YA — filTo)- N = 2.75,-10*7 and Y, fiTo) - N = 2.17- 10%7, there-
fore Y, f,{Ty)- N = —0.57-10%". This is a contradiction to the definition
(formula (2)). It will be proper to assume as Zi SdTp) ~ 0.

7 DISCUSSION

7.1 Model and formula

As we have already mentioned, the relation (6) holds in order of magnitude
for liquid water. This shows, even though it is not direct, the adequacy of
using our model and Lorentz~Lorentz’s formula for liquid water.

7.2 A(T)

In general, the degree of freedom of a molecule in the state of the regular
arrangement is smaller than that of a free molecule in the state of gas. When
a molecule is released from the regular arrangement state, the degree of
freedom increases.

From the definition of A((T), .- N = 6(T;)- N(= 0.0187) < 6(Tp)- N
(=0.0267) reflects this situation. As temperature rises from Ty, 6(T) and
J,(T) decrease, and for the rate of increment,

O0T)rogy - N(= —1.00-107°) > 6(T)yp=r, - N(= —3.56-1077).



08: 47 28 January 2011

Downl oaded At:

STRUCTURE OF LIQUID WATER 227
7.3 Z,p(T)

Curves of Y, p(T)/>,p(T,) derived from (11) are shown in Figure 7. On
the other hand, Pople?®*® discussed the dielectric constant by applying
his bent model to Kirkwood’s formula

(1/4n)(e — DV = (3eNo/(26 + D)o, + n-1/3kT),

where N is the Avogadro’s number, ji the average dipole moment of a macro-
scopic spherical specimen of the dielectric, immersed in an infinite medium
of its own dielectric constant when one of its dipoles is fixed in a specified
orientation p, ¢ the dielectric constant, «,, the polarizability of the molecule,
Vys the molal volume.

 AD)UT,)

g
c—u

R L ————

DR/ Do

L — 1 L i A ! I |

0 20 40 €0 80
- B e —

FIGURE 7 Curves of %(T)/(T,) and ¥;p(T)/Y.spd To)—b°C.

Pople divided the neighbors of the fixed molecule into shells, and wrote
pei = @1+ 3 Nj(cos 7)) = U(T),

where N is the number of particlejs in the j-th shell and y; shows the angle
between the molecular axis of a molecule in the shell and that of a fixed
central molecule.

Using the bent model, considering up to 3 for j in the above formula and
taking the 1st neighbors for p(T), he calculated #(T). The curves of ), p(T)/
Y.:p(T,) and %(T)/%(T,) are shown in Figure 7. The curves of e/
Y.:p(Tp) and #(T)/%(T,) can be seen to agree with each other.

Considering the physical picture of Y ; p(T), even though this is the quan-
tity of the visible light region, >’ p(T) will have relation with %(T), and
therefore this good agreement is not fortuitous.
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Further, from the standpoint of f,(T). we have

ngz N = Z ﬁi(To) N =217 1027, Zf}i(To) N ~ 0.

and these expressions represent that the released molecule is in the state of
fw¥> erydt ~ 0 or that y; — Y, transition is forbidden. As temperature
rises from Ty, Y, /,{T) increases and ) ; f.{T) decreases, that is

2ATrany N =11- 1043 fil(T)rq,- N = —2.0,10%%

From the standpoint of ), p(T), N,(T) must be taken account. As ) ;,p(Ty)
is given by (14), from Y, f,(T,) ~ 0, we have

Z p(Tp) = Z./;i(TO) - NTy),
and from Table VII,
- Z(.f;i(To) — Lil1o)) - N(Ty) + Z/&(T)T:r0 ‘N = —52-10%%,

Zf;i(T) “N(Ty) = 0.6-10%%,

where Y f1{T)r-1,- NATp) is neglected in (15). Then we can obtain
approximately, taking account of Y, p{(T)r=1, <€ Y PUT)r=14-

S D=1, % Y filTrery NlTy) = ¥ 1l Ty) - K.
Therefore, Y ; p(T) behaves as if N(T) = 0 for the variation of 7, that is
Y oAT) = T pATy) + ¥ pUTDr=q (T = Ty)

~ Y (Sl To)  NATo) + (Sl Tr=1o- NATp) — folTo) - KNT = Tp))

3 <J;,-(To> NATy) (f‘;,(T)T:TO Ny f@»@gﬁ)) (T~ T)N.

N N N

From the above formula, it is clear that Y, p,(T) behaves as if all the molecules
of liquid water were in the regular arrangement structure, and hence, the
bent model is valid. Of course, the behaviors of ) ; p(T) is including the effects
from intra molecular atom interactions and inter molecular interactions.

7.4 p(7)

p,(T) is the polarizability by electron clouds as assumed previously.
For a molecule in the state of regular arrangement, f, - N = f(Ty)- N =
9.4, 10°°. On the other hand, for a molecule in the state of release, f,,(T,) - N =
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4.4, -10°°. Therefore, when a molecule is released, Y er or p;, of electrons
concerned with the A mode decreases.

When temperature rises from Ty, Y er or u;, of electrons concerned with
the A mode in both states increases, because

fi,-N =0436-10% and f1,- N = 1.87 - 1028,

Therefore, when the phase transition (ice to liquid water) occurs, pj is re-
duced to p, (Tp), but with rising of T from Ty, p.,(T) increases.

Different from the case of Y ; p(T). f,(Ty) and f 1,(T)7 - 1, are not negligible
compared with f,(Ty) and f_(T)r-r, respectively, even though f,,(T,) <
JeTy) and fo(T)por, < fe(T)r-r,- And the value of (fi(T) -
52Ty = 1, - K is not so small as to be negligible. Then, for p,(T), we cannot
neglect the contributions from the released molecules.

Thus, for p,(T), the bent model is not acceptable from the standpoint of
our model. But it seems that there is a possibility for p,(T) to be related to
the forces responsible for long-range order, whose break-down corresponds
to melting.

8 SUMMARY

We have studied the refractive index of liquid water, assuming a simple
structure model and setting up several assumptions and approximations.

Observed data of refractive indices of liquid water used in our discussion
are measured to 8 figures, while those of ice are available to 5 figures. The
discussion of accuracy of the observed data is not satisfactory. But at present
we must be satisfied with their data, expecting more precise data to be
forthcoming in future. In addition, for the assumed value of w? and for the
neglected values of y,,, etc., the situation is similar to the case of refractive
indices. However, the values of refractive indices obtained with respect to
each vibration mode seem to be reasonable.

Because the visible light region is taken between the ultra-violet and infra-
red regions, the refractive index of the visible light has contributions from
molecular states and electron states in each molecule. But the contributions
from both states are only those of the dominant absorption bands or lines
making it simpler to treat the contributions from them.

Studying the refractive index of liquid water, we have been able to relate
this to the behavior of molecules and that of electron clouds, especially that
of the induced dipoles of molecules and electron clouds.

For molecule, we obtained ), /,(T)- N(T) ~ 0; then the bent model is
acceptable. Further detailed investigations are necessary for this subject
from other physical points of view.
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For electron clouds, when ice transforms to liquid water, the variation of
induced dipoles of electron clouds is perceptible. This suggests the change
of the long-range force. Hence, the most prominent difference between ice
and liquid water seems to be the difference between electron cloud distri-
butions, because electron clouds have the dominant contributions not only
to p,(T) but also to A,(T) (refer to formulas (3) and (4)).
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